Francis turbines are designed for a specific set of operating conditions that is particular to each hydropower plant site. It allows this type of turbine to extract as much hydraulic power as possible, as long as they are operating in the right conditions. properties showing, for instance, the power output, the discharge, the efficiency and the cavitation conditions. This paper presents a method to monitor the operating conditions of a Francis turbine by locating it on the hill chart. To do so, it requires the generation of polynomial bi-variate functions based on Hermite polynomials that can calculate the turbine discharge and efficiency from its guide vanes angle and power output. A test case is presented with a turbine prototype of 444 MW of rated power operating through a wide range of operating conditions. The validation is done by comparisons between the measured and estimated values of gross head, leading to similar values.
Introduction
Hydraulic turbines are required to operate in a wide range of conditions and to adjust its power output to the variations of water availability, energy demand and energy generation from other resources. Depending on factors such as the available specific energy and discharge, the turbine may operate in non-optimal 5 conditions, affecting their performance and shortening their lifespan.
Francis turbines feature fixed blades, preventing them to better adapt to available energy and discharge variations, resulting in efficiency loss and the generation of a vortex swirling flow at part load conditions [1] and full load conditions [2] . Additionally, cavitation may happen when the counter-pressure 10 provided by the downstream reservoir water level is low. This cavitation can cause pressure pulsations and induce wear and tear and vibration, increasing the risk of failure as discussed in [3] and [4] . General information about cavitation generation and its impacts in a Francis turbine can be found in [5] , [6] and [7] .
To mitigate the drawbacks of these harsh operating conditions and to opti- This general picture is known as the turbine hill chart. It provides all the necessary information regarding efficiency, cavitation, vortex-rope presence and power generation, for instance. The complete hill chart of a turbine prototype can be obtained through measurements on a homologous reduced scale model 25 using a test rig specially designed for this purpose. Measurements on the reduced scale physical model are performed with a high level of accuracy that usually cannot be achieved in the prototype. This paper proposes then a monitoring system technique based in this two steps approach. It takes only two direct measurements on the prototype to esti-
30
mate in what conditions, inside the hill chart, the turbine is operating. For the generation of the complete hill chart, it requires continuous functions to interpolate the measurements on the scaled model. These functions are generated through a combination of Hermite polynomials and modal strengths.
The proposed monitoring technique differs from others like the one presented 35 by Valero et al. [8] , as it is focused on physical quantities that can be transposed, such as the discharge and the efficiency. For its simplicity, it can make it easier to put into practice plant optimization models as those proposed by [9] , [10] and [11] .
A test case is presented where the methodology is applied and the operating 
Model tests and hill chart generation
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Performing tests on reduced scale physical model of hydraulic turbines is a mandatory phase for the most important hydropower projects as it provides detailed information on the turbine that cannot be accurately calculated. These tests are performed in accordance with the IEC standard [12] , where the procedures to assure a high level of measurements accuracy and the general rules 50 to transpose the results from the model to the prototype scale are presented.
The IEC standard [13] also proposes transposition procedures, but in a more refined manner as it takes into account, for instance, the differences of surface roughness between model and prototype.
To simplify comparisons between homologous turbines with different diame-55 ters and rotating speeds, the IEC standard propose the use of non-dimensional An example of hill chart having Q ED and n ED in its x and y axes is presented in Figure 1 . This hill chart contains measurements that were performed in a reduced scale model from where all the data is interpolated to create the isolines and zones that are shown. It presents isolines of turbine hydraulic efficiency η, guide vanes opening angle α and mechanical power provided by the turbine P m .
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It also presents the best efficiency point (BEP) and four different zones:
The inlet cavitation zone, corresponding to the rated level of the downstream reservoir;
The interblade cavitation (see [14] ), also corresponding to the rated level of the downstream reservoir;
75
The rated operating zone where the turbine must operate according to the specifications;
The vortex rope-free zone.
The hydraulic efficiency and mechanical power are defined as in Equation
2
. The values shown in this hill chart are already transposed to the prototype 80 scale. 
Measurements on the reduced scaled physical model Figure 1 : Example of the Q ED , n ED hill chart featuring efficiency isolines, the BEP, the operating range, the rope-free and cavitation zones limits of a Francis turbine.
where P H is the hydraulic power and P LT is the sum of the power losses inside the turbine, combining the specific hydraulic energy loss, the leakage flow loss and the disc friction power loss.
Hermite polynomials interpolation method
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The measurements on the reduced scale physical model provide information only on a finite number of points of the complete hill chart. An interpolation method is then required to cover the complete range where the turbine operates.
It is assumed that any variable of interest, such as the discharge or the efficiency, can be represented through a continuous bivariate function covering all 90 this domain of possible operating conditions. With this assumption, the Weierstrass approximation theorem can be used [15] . to the methodology proposed by Andolfatto et al in [17] .
The Hermite polynomials He n,m , with n, m 4 N, form a complete basis of functions inside the Hilbert space that are orthogonal with respect to the scalar product defined as:
with R being the set of real numbers, X being an input vector, He i,j and He k,l 100 being any Hermite polynomial.
Hermite polynomials can be recursively defined as:
He n1,m He m1,m He nm2,1
He n1,n2 a n X 2 He n,n1 b n He n1,n
With the boundary conditions:
where X 1 and X 2 are the input variables inside the vector X. This definition for the Hermite polynomials is known as the probabilistic form of the family. It is then possible to define surrogate functions in the form:
meaning that the surrogate functionf approximates a given function f using only a truncated basis of Hermite polynomials. The truncation parameter p max and the coefficients λ p 4 R, known as the modal strengths, must be chosen properly aiming to minimize the deviations between the functionf and its target function f .
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The explicit form of the target function f is, for the case discussed in this paper, unknown. Although, it is assumed that the performed measurements provide points on the surface given by f . In this case, one way to define the vector λ containing the modal strengths and to minimize the error betweenf and f is by using the least-squares method. The vector of modal strengths is 120 then defined as:
where:
and the superscript zero correlation between them and to remain mostly inside the interval 1, 1$.
These conditions are usually not fulfilled among the measurements that are performed on the turbine. For this reason, a transformation function can be applied to map the measurements into a new set of variables that adapts better to these requirements.
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As the modal strengths are calculated based only on the available measurement samples, the truncation parameter p max must be chosen wisely to avoid polynomial approximations that either underfits or overfits the data. Underfitting happens when p max is too low, leading to large deviations between the measurements andf . Overfitting is observed when p max is too high, reducing 135 the error betweenf and the available measurements to a minimum, but leading to large deviations if points outside the original training set of points are evaluated.
There are different criteria that can help to identify a polynomial approximation that is underfitting or overfitting the training database. One of them is 140 the Akaike Information Criterion (AIC) [18] , that can be applied here as:
where σ 2 is the variance of the error inside the available points. As it can be seem in equation 11, the AIC will be high either if the model underfits the training data (high variance) or if it overfits the training data (high p max ). Consequently, while comparing different p max options for the same approximation, those with 145 a good compromise between number of parameters and error will have a low AIC.
As the dimensionality of the approximation can sometimes be close to the number of available samples N s , a correction for the AIC can be employed, as proposed in [19] . The corrected AIC, namely AICc, is employed in this paper 150 as:
Methodology
To find the exact location inside the hill chart where a Francis turbine prototype is operating, two measurements input are required. In any typical hydropower plant, the guide vanes angle α and the active power output from 155 the generator P a can be measured with accuracy and low cost. This pair of measurements is then proposed in this paper.
The guide vanes angle is not usually measured directly during a normal plant operation, but it can be easily obtained through kinematic relations between the guide vane opening angle and the servomotor stroke. Speed governors usually 160 keep this parameter under constant monitoring.
Procedures to measure P a are described in the IEC standard [20] . The relation between P a and the mechanical power provided by the turbine P m can be written as:
where P LB includes the power losses in all the bearings and P LG all the losses 165 in the generator. These losses are usually calculated with precision by the manufacturers and they can be verified by the calorimetric method [21] .
Assuming that the power losses are known, explicit relations between α, P a and the remaining operating variables that are shown in the hill chart can be derived. For this purpose, surrogate functions as in Equation 7 can be generated 170 and a transformation functions g T can be defined to transform α and P a into X 1 and X 2 , the two terms of the input vector X.
In this paper, two surrogate functions are chosen: one for the discharge, f Q , and another for the turbine efficiency,f η . The methodology to obtain the discharge Q and the efficiency η of the prototype is summarized in the diagram 175 of Figure 3 . The methodology can be divided in two main parts:
1. identification procedure: where the transformation function g T and the surrogate functionsf Q andf η are defined according to the measurements performed on the reduced scale physical model;
2. exploitation procedure: where the actual turbine prototype discharge and 180 efficiency are estimated online from the generating unit α and P a .
Once the prototype discharge and and efficiency are known:
the turbine available specific energy E is calculated as:
knowing that the rotating speed and diameter of the prototype are fixed, 
Test case description
The operating conditions of a Francis turbine prototype of IEC specific speed General information related to the generating unit containing the turbine prototype is presented in the Table 1 . The local gravity g is calculated according
to the IEC standard [20] , based on the location of the turbine. Also according
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to [20] , ρ is calculated based on the mean water temperature. Field acceptance tests performed previously yield an energy energy loss coefficient K defined as: where gH g is the specific potential energy of the power plant and H g is the plant gross head equal to the difference between the headwater and the tailwater reservoir levels. The table also provides the generator efficiency η Gen , allowing
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P LG to be calculated as:
The calibration curve of the guide vane angle as a function of the servomotor stroke is presented in Figure 4 . The guide vane angle of three different guide vanes is measured and a best fit polynomial curve is generated. The error between the measurements and the best fit curve is also shown in Figure 4 .
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A total of 17 measurements were performed at different operating conditions on the prototype. Each measurement is performed after the stabilization of the temperature of the bearings and keeping a constant guide vanes opening during approximately 6 minutes for each operating condition. The guide vanes opening angle, the active output power from the generator and the plant gross head were keeping the cavitation properties as in Figure 1 .
The transformation function
The transformation function g T described in Equation 17 transforms the opening angles α and the active power P a into the input variables for the Hermite 220 polynomials X 1 and X 2 . It performs a translation and a normalization of both α and P a , whereas the translation and normalization parameters for P a requires knowing its related α value.
where α min is the minimum guide vanes opening inside the database of measurements performed in the reduced scale physical model, α max is the maximum 225 value and α is the mean value between α min and α max .
The functions LP α¦ and UP α¦ are third degree polynomial functions that best fits, respectively, the lowest and the highest values of P a according to the 
Finally, the function P a α¦ is a moving average for P a , calculated as:
The resulting transformation of the N s values of α and P a into the transformed variables X 1 and X 2 is shown in Figure 5 Corresponding values of the transformed variables X 1 and X 2 .
Surrogate functions for the discharge and efficiency
By applying the methodology for the generation of surrogate functions, the 240 discharge functionf Q and the turbine efficiency functionf η can be defined as: In fact, any surrogate function with truncation parameters comprised between the options B and C can be considered as a good approximation model.
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For this paper, the optionsf P a of the prototype, the prototype discharge and efficiency are estimated and the results are presented in Figure 9 . From these results, E, Q ED and n ED are calculated and the resulting operating conditions are presented in the hill chart of Figure 10 .
As the estimated values of prototype Q ED and n ED presented in Figure 10 275 illustrates, the tests started with the unit at very low discharge, so outside the rated operating range. The discharge is then increased and the unit enters in its rated range, but quickly moves into the cavitation zone. Two operating points are located at the limits of the rope-free zone. The two last ones, done at the highest discharge values, are outside the rated range and in a dangerous full load zone where a pulsating cavitation vortex rope may appear.
Validation
Because of the lack of direct measurement of the discharge, the method has been validated by comparing the gross head measured value with the gross head value resulting of the application of the present methodology. These two values 285 are presented in Figure 11 (a) and the error between them is shown in Figure   11 (b)
The uncertainty bars shown in Figure 11 indicate the expected uncertainty using the methodology presented in this paper. It combines the following un- Error between the two values.
uncertainty due to the polynomial approximation of the discharge and 295 efficiency equal to the standard error of the estimate; uncertainty on the prototype active power measurement equal to 0.70% of the maximum tested power; uncertainty on the prototype guide vanes angle measurement equal to 0.18`, the standard error of the polynomial approximation .
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A comparison between the expected uncertainty for the gross head estimates using the method presented in this paper and the expected uncertainty by doing direct measurements as described by the IEC standard [20] is presented in Figure 12. The presented expected uncertainty assuming the use of measurement methods in the IEC standard combine the following uncertainties:
305 uncertainty on the discharge measurement equal to 1.70%, which is the expected measurement uncertainty on discharge measurements using the pressure-time method according to [20] ); uncertainty on the prototype efficiency equal to 2.00%; Comparisons between expected uncertainties using the presented methodology and the uncertainties while using typical direct measurements are presented.
The uncertainty values on the presented estimations are expected to be relatively low if the uncertainties related to the measurements transposition from 340 scaled model to prototype are ignored.
The results lead to the conclusion that in situations where direct measurements of discharge or efficiency on the prototype are not suitable and tests on the reduced scale physical model are available, the presented monitoring methodology provides a good estimation of the turbine operating conditions. Such 345 information is of critical relevance to optimize the operation of a hydropower plant as it can help operators to avoid operating the unit outside the range specified by the manufacturer, avoid harsh cavitation conditions, search for the best total power dispatch scheme and consequently increase the overall annual hydraulic energy harnessing. Moreover, it can work in parallel to monitoring 350 systems more focused on vibration or pressure pulsations, providing a larger picture of the prototype behavior.
